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List of symbols

Symbol Meaning

o’ three dimensional Euclidean space

XYZ sequence {(X,,Y,,Z,)0] 03, i=1,...n} of points in 3D space
x1, x2 minimum and maximum of x-coordinates of points XYZ

yl, y2 minimum and maximum of y-coordinates of points XYZ
71,22 minimum and maximum of z-coordinates of points XYZ
f(x,y) interpolation / approximation function

D planar domain of f(x,y)

y(h) variogram function

P matrix representing grid values

i1, j1 size of the grid = number of columns and rows of the matrix P
Dx step of the grid in the x-direction

Dy the step of the grid in the y-direction

NB matrix of the nearest points

K matrix of distances

Kmax maximal element of the matrix K

3D three-dimensional

RS resolution of map

Filter parameter of the ABOS method used for setting resolution
Dmc the minimal Chebyshev distance

A—B copy of the matrix (or vector or number) A into the matrix (or

vector or number) B



1. Introduction

The presented work deals with methods for the interpolation of points in three-
dimensional Euclidean space using a continuous function of two independent variables.
In the first part of the work, mathematical basics of commonly used methods are de-
scribed. Each method is evaluated for its advantages, limitations, applicability in indi-
vidual disciplines such as geology, reservoir engineering or geophysics and for its capa-
bility to solve large problems in an acceptable time and in an acceptable quality.

The goal of the second part of the work is to design an interpolation / approximation
method, which would eliminate disadvantages and limitations of existing methods and
which would be robust and flexible enough for solving a broad range of interpolation /
approximation problems. This method was named ABOS (Approximation Based On
Smoothing) and despite the fact that it should be used as an approximation method, ac-
cording to its name, it can also be used for solving interpolation problems.

In contrast to the sophisticated interpolation methods such as Radial basis functions,
Kriging or Minimum curvature, the ABOS method does not fulfil any mathematical
formulation such as linear combination of basis functions, statistical formulation of the
best linear unbiased estimate or requirement of minimal curvature of resulting surface.
Instead, it provides tools for modelling the resulting surface based on numerical tension-
ing and smoothing enabling to create a broad range of surface shapes and to accommo-
date the resulting surface according to the user’s conception. Moreover, the ABOS
method makes it possible to solve large problems without the necessity to search points
in a specified surrounding of the grid nodes and without the necessity to solve a system
of equations.

The motivation for the development of a new method was not only to provide sufficient
flexibility and to eliminate limitations of existing methods, but also to decrease the
computational time of solving large problems, when the number of input points reaches
tens or hundreds of thousands — the ABOS method is in such cases up to twenty times
faster than the Kriging method, which in the fifties of the last century became the
ground of a new science field called geostatistics.

The computer implementation of the ABOS method consists of two basic programmes.
The first one, written in FORTRAN77, implements the interpolating algorithm itself
and the second one, written in C language, provides graphical user interface for display-
ing and comfortable manipulation both with input map objects (points, boundaries,
faults) and with resulting surfaces. The graphical user interface and the whole computer
system was named SurGe (Surface Generator).

After more than three-years publication through the medium of Internet WWW pages
and through the medium of more than 300 software distributors, the SurGe software has
proven wide applicability. Now thousands of people worldwide use the software not
only in traditional fields such as reservoir engineering, geology and geophysics, but also
in hydrology, geodesy, archeology, bathymetry, gravimetry, genetics, neurology, elec-
tronics, aerodynamics or nuclear physics.



2. Formulation of the interpolation /
approximation problem

Let us denote XYZ as a sequence {(X,,Y;,Z,)00°, i=1,...n} of points in 3D space and
D as a rectangular planar domain containing points {(X,,Y;), i=1,...n}. In this work,
the solving an interpolation or approximation problem will mean the finding such con-
tinuous function of two independent variables f(x,y), for which f(X,,Y,)=Z, or
|f(Xi,Yi) —Zi| <0 Ui=1,..,n respectively.

Except for trivial cases (for example approximation by a plane or by a polynomial func-
tion of two independent variables of higher degree) it is usually not possible to express
the interpolation / approximation function by a simple analytic formula. That is why the
following procedure is used:

The domain D containing the points XYZ is covered by a regular rectangular grid. At
each node of the grid the z-value is calculated / estimated by the method solving the
above-mentioned problem using all points XYZ or using only the points XYZ belonging
to the certain surrounding of the node. This procedure is called gridding.

The value of the function f can then be computed, for example, using the bilinear equa-
tion f(x,y)=alxy+blx+cly+d, where the coefficients a, b, ¢ and d are deter-
mined by the corner points of the grid rectangle containing the point (x, y).

3. Commonly used approaches to so-
lution

The goal of this section is to present commonly used techniques for solving interpola-
tion / approximation problems and to evaluate their applicability for the solving practi-
cal tasks. The below presented interpolation / approximation methods are:

- Triangulation with linear interpolation

- Natural neighbour

- Inverse distance

- Minimum curvature

- Regression by plane with weights

- Radial basis functions

- Kriging

Modification of these methods for solving large problems is described in the last para-
graph of this section.

3.1 Triangulation with linear interpolation

The method of triangulation with linear interpolation is historically one of the first
methods used before the intensive development of computers. It is based on the division
of the domain D into triangles. Each triangle then defines, by its three vertices, a plane —
that is why the resulting surface is per partes linear.
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Advantages:
- very fast algorithm

- resulting surface is interpolative

Disadvantages:
- the domain of the function f is limited to the convex envelope of the points XYZ.
- resulting surface is not smooth and isolines consists of line segments

- the division into triangles may be ambiguous, as the following simple example of al-
ternative division of rectangle shows — in the first case a valley was created, in the sec-
ond case a ridge was created.

Fig. 1.2.1: Alternative division of rectangle into triangles.

Application:

This method is still used in geodesy and digital models of terrain. As a rule, characteris-
tic points of terrain are measured — it means that the person performing terrain meas-
urements surveys only points where the slope of terrain changes (tops, edges, valleys
and so on) and thus avoids the above-mentioned ambiguity. For interpretation of such
data, the Triangulation with linear interpolation is quite suitable.

3.2 Natural neighbour

The Natural neighbour is an interpolation method based on Voronoi tessellation. Vo-
ronoi tessellation can be defined as “the partitioning of a plane with n points into n con-
vex polygons such that each polygon contains exactly one point and every point in a
given polygon is closer to its central point than to any other” (see [S11]). A description
of the natural neighbour interpolation technique follows:

Given a set of data points distributed on a plane, natural neighbour interpolation com-
putes the interpolated value for a given point X as the weighted sum of the points which
are natural neighbours of X. The natural neighbours can be intuitively understood as
those points which would be adjacent to X in a Voronoi tessellation of the point set in-
cluding X. Figure 3.2 depicts in black a Voronoi tessellation of the points A through E.
The grey region marks the new Voronoi cell which would be present if the point X were
included in the tessellation. The weights of points A through E used to compute the in-
terpolated value of X are respectively the areas of the grey region intersecting each
original cell of A through E and are also known as the natural neighbour coordinates of
X.



Fig. 3.2: New Voronoi cell and areas for computation of neighbour points weights.

The surface formed by natural neighbour interpolation has the useful properties of being
continuous (CO) everywhere and passing exactly through z values of all data points.
Moreover, the interpolated surface is continuously differentiable (C1) everywhere ex-
cept at the data points, providing smooth interpolation in contrast to the Triangulation
with linear interpolation method.

Advantages:

- fast algorithm

- resulting surface is interpolative and smooth expect at the data points.

Disadvantages:

- the domain of the function f is limited to the convex envelope of the points XYZ

- the shape of resulting surface is not acceptable in some fields such as in geology or
hydrogeology.

Application:

The Natural neighbour method is mainly used in GIS systems as a digital model of ter-
rain and fast interpolation of terrain data providing smooth surface.

3.3 Inverse distance

This method computes a value of function f at an arbitrary point (x,y)JD as a
weighted average of values Z;:

S(xy) =ZZiWi , where w, = h, Zhi and B :1/\/(X_Xi)2 +(y_Yi)2 +0°
i1 i=1

o’ is a smoothing parameter.

If the number of points n is too great, the value of f(x,y) is calculated only from
points belonging to the specified circle surrounding the point (x,y). The method was
frequently implemented in the first stages of computer development.

Advantages:

- simple computer implementation; for its simplicity, the method is implemented in al-
most all gridding software packages

-if g® =0, the method provides interpolation.



Disadvantages:

- high computer time consumption if the number of points 7 is large (due to computa-
tion of distances)

- typical generation of "bull's-eyes" surrounding the position of point locations within
the domain D — that is why the resulting function is not acceptable for most applica-
tions.

3.4 Minimum curvature method

This method and namely its computer implementation was developed by W.H.F. Smith
and P.Wessel (see [1]) in 1990. The interpolated surface generated by the Minimum
curvature method is analogous to a thin, linearly elastic plate passing through each of
the data values with a minimum amount of bending. The algorithm of the Minimum
curvature method is based on the solution of the modified biharmonic differential equa-

tion (1-7)0* f(x, y) = (T)O* f(x,y) =0, where

TU <0,]> is a tensioning parameter,

07 is the Laplacian operator 0> f =9 f /0x> +9°f /dy® and

07 O* =(0%)* is the biharmonic operator 0° f =% f /ox* +0* f /dy* +20” f [ox?dy* .
If T=0, the biharmonic differential equation is solved; if 7=/, the Laplace differential
equation is solved — in this case the resulting surface may have local extremes only at
points XYZ.

Advantages:

- speed of computation is high and an increasing number of points XYZ has small influ-
ence on decreasing the computational speed.

- suitable method for a large number of points XYZ.

Disadvantages:
- complicated algorithm and computer implementation

- if the parameter T is near zero, the resulting surface may have local extremes out of
the points location

- bad ability to conserve extrapolation trends.
Application:

- universal method suitable for smooth approximation and interpolation (for example
distribution of temperature, water heads, potential fields and so on).

3.5 Regression by plane with weights

This method is based on regression by plane f(x,y)=ax+by+c using a weighted

least square fit. The weight w; assigned to the point (X,,Y;,Z;) is computed as an in-

verse distance from point (x, y) to the point (X,,Y;,Z,). Then the minimum of the fol-

lowing function of three independent variables has to be found:

F(a,b,c) = Zwi(z(X[,Yi) -Z) = Zw[(aXi +bY, +c—Z,)*, which leads to a solution
i=1 i=1

of three linear equations:



a%(l zozzgwixi(axg +bY, tc-Z2))
a%b =0 =2;w,.Y,.(aX,. +bY, +c=Z,)

a%c =0= 2;“’;(“)(; +bY, +c-7))
After rearrangement the following equations are obtained:

ai wX?+ bi w, XY, + ci wX,; = i w,X,Z,
i=1 i=l i=1 i=1

aiWiXiYi +bi WiYiz +Czn: wY, = iiniZi
i=1 i=1 i=1 i=1

ai wX, + bi wY, + czn: w;, = iwl.Zi
i=1 i=1 i=1 i=1
Advantages:

- simple algorithm, good extrapolation properties

Disadvantages:
- resulting function is only approximative
- slow speed of computation if # is great (due to computation of distances)

Application:
- surface reconstruction from digitised contour lines

3.6 Radial basis functions

The method of Radial basis functions uses the interpolation function in the form:

Fy) = play)+ 3w (e, ) = (X, X)) (3.6)
i=1

where

p(x,y) is a polynomial

w, 00O are real weights

|(x, ) —(X,, K.)| is the Euclidean distance between points (x, y) and (X,,Y,)

¢(r) is a radial basis function

Commonly used radial basis functions are (¢’ is the smoothing parameter):

Multiquadric: @r)=~r’+c’
Multilog: @r) =log(r* +c?)

Natural cubic spline: @r) = (r* +c*)¥?

Natural plate spline: @(r) = (r* +¢*) Qog(r* +c?)

The interpolation process starts with polynomial regression using the polynomial
p(x,y) . Then the following system of n linear equations is solved for unknown weights

w,i=1..,n:

Z;=p(X, Y) =2 w T((X . Y) = (X, )], j =L
i=1
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As soon as the weights w, are determined, the z-value of the surface can be directly
computed from equation (3.6) at any point (x, y)UD.

Advantages:

- simple computer implementation; the system of linear equations has to be solved only
once (in contrast to the Kriging method, where a system of linear equations must be
solved for each grid node — see the next section)

- the resulting function is interpolative
- easy implementation of smoothing

Disadvantages:

- if the number of points 7 is large, the number of linear equations is also large; more-
over the matrix of the system is not sparse, which leads to long computational time.
That is why this method, as presented, is used for solving small problems with up to a
few thousand points. Solving large problems is also possible, but requires an additional
algorithm for searching points in the specified surrounding of each grid node — see
paragraph 3.8 Modification for solving large problems.

Application:

- universal method suitable for use in any field

3.7 Kriging

Kriging is an interpolation method that was originally developed for use in geostatistics
by D. G. Krige (see [2]), a professor at the University of Witwatersrand, South Africa,
in the 1950s. In fact, the work of professor Krige is the base of science field called geo-
statistics.

Kriging is probably the most often used method for solving interpolation / approxima-
tion problems, namely because it is based on the statistical formulation of the best linear
unbiased estimate. An important concept for deriving this method is empirical or ex-
perimental variogram y(h):

_1 1 2
y(h) = ) FC(N(h)) NZU:')(Zi —Z,)", where
N(h) = {i,j : ‘(Xl.,Yi) - (Xj,Yj)‘ = h} a C(N(h)) is the number of elements of set N(h).
For real data it is not probable that a pair of points will satisfy the condition
‘(X Y = (XY I.)‘ =h and therefore for practical computation the set N(h) is specified
as N(h) ={i, j:[(X,,¥) = (X, ¥)| O[h = &, h + ]}
The empirical variogram is approximated using the theoretical variogram or model. The
commonly used models are:

Linear model:
Y(h)=C,+Sh, h#0, where Cy is the so called nugget effect and S is the unknown

slope.
Gaussian model:

y(h) = C,+(C ~C,) Gl —exp(=h /a*)}

Exponential model:
y(h) =C, +(C - C,) {1 —exp(~h/ a)}

10



The Kriging method is intended for estimating the interpolation / approximation func-
tion f(x,y) atpoint (X,Y) under the following assumptions:

a) The estimate Z of function f(x, y) at an arbitrary selected point (X,Y)U D can be

expressed as a weighted average Z = z w, [Z,

i=1
b) Sum of weights is 1: z w, =1
i=1
¢) The estimate of value Z is unbiased i.e. the mean E[ flx,y)— Z] =0.

The weights are to be computed so that the dispersion variance D(f(x, y) —Z) is mini-
mal. In the next derivation we use f instead of f(x, y). Taking into consideration the
definition of dispersion variance D(X) = E(X?*)+ (E(X))*> and assumption c) it is ob-
vious that we have to minimize the expression

EQf =Y w ) = EQf T w) = w, E,1) =
i=1 i=1 i=1

n n

=ECYw 0 =Y w ) = ECYw, 0F = Z)F) = X wow E(f = Z)(f = Z0))

izl j=1

From equation

E(Z -Z,P)=E(Z - f+f-Z,7)=E(Z - f1)-2E((f -Z)(f - ZN+E(f - Z,

it follows that
((f - Z)(f - Z))——EﬁE(f Z)+E(f -Z,1) - E1Z -Z,1").

This term can be substituted into the expression which has to be minimized:

S S ww, E(f ~Z)(f ~Z,) =

Zn:zn:wiwjl[E([f —Z )+ EISf-Z,1) - E(Z, —Z,]Z)]=

i=l j=1

n n

ZZW,WJ E(f-Z, )+22wle E(f-Z] Win%E([Zi—Zj]z)

i=l j=1 i=l j=1 i=l j=1
The first two terms can be simplified:

n

S ¥, S EQS =2, )= Y ow B =2, D3, = YL EQS ~7,F)

i=l j=1 j=l i=1 j=l

S Y S E(f =21 = Yo wES =2 )T w, = X0 EAf -2 1)

i=l j=1 i=1 j=1 i=1

=

The final form of the expression, which has to be minimized is:

2Z—E<[f Z1) -3 ww, —E([Z ~Z, )= FWw,)

i=l j=1

11
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If the function F(w,,...,w,) has to be minimal, the partial derivatives according to wy
must be zero:
oF
—=0 Ok =1,...,n
ow,
It means that the following system of linear equations is obtained:

| 1
ZEE([Zk -Z. 1w, =5E([f -Z, 1) k=l..n

The halves of means %E([Zk -Z.1’) and %E([f —Z.]’) can be substituted by values

from the theoretical variogram. The system of equations must be completed by condi-
tion b), i.e. the sum of weights is 1 (that is why a fictive variable  has to be added).

In the form of matrix notation the system of linear equations can be expressed as:

L L]

where I, = p((X,.¥) = (X ,¥))) and ;" = p(|(x, 3) = (X,.Y))

), i, j=1..,n

Advantages:
- the algorithm is based on statistical formulation of the best linear unbiased estimate
which means, there is no better interpolation method from the statistical point of view.

Disadvantages:

- the weights w; must be computed (i.e. the system of linear equations must be solved)
for each node of the grid.

- if the number of points n is large, a large number of linear equations must be solved;
that is why this method is used for solving small problems with up to a few thousand
points. For solving large problems an additional algorithm for searching points in the
specified surrounding of each grid node must be implemented, as described in the next
paragraph.

- the method produces undesirable “pits” and “circular” isolines in the generated sur-
face — see examples in paragraphs 4.4.2 Shape of generated surface and 4.4.1 Smooth-
ness of interpolation and oscillations.

Application:
- universal method designed especially for geology and geophysics applications.

3.8 Modification for solving large problems

Except for the Triangulation with linear interpolation and Minimum curvature method,
presented techniques need to compute horizontal distances from estimated point (grid
node) to all points XYZ. For large problems (thousands or more points) it means increas-
ing of computational time, which brings necessity to reduce number of points involved
into the estimation. This is solved by specification of the surrounding which determines
the set of points included into the estimation. Of course, additional algorithm for search-
ing of points falling into the surrounding must be implemented.

On one hand the method can be used for large problems, but on the other hand new
complications are involved:

12



- The surrounding is usually circular (or elliptical, if an anisotropy has to be mod-
elled) with specified radius. In addition, implementations of gridding procedures
requires specification of maximal and minimal number of points, minimal and
maximal number of points in each quadrant (octant) and so on. It means that addi-
tional parameters influencing the quality of resulting function has to be entered.

- The resulting surface may contain discontinuities (see [4]) as the set of selected
points may change while moving the estimated point from one grid node to the
next. This phenomenon is illustrated in the next chapter in paragraph 4.4.3 Conser-
vation of extrapolation trend.

- In the case of the Radial basis functions method the system of linear equation must
be completed and solved for each node of grid.

4. The ABOS method

The goal of this chapter is to design an interpolation / approximation method which is
sufficiently flexible and robust enough for solving large problems, provides results
comparable with the Kriging method (respectively with the Radial basis function
method or Minimum curvature method) and which does not have disadvantages and
limitations of these methods presented in the first chapter.

The method was called ABOS (Approximation Based On Smoothing) and despite the
fact that it should be used as an approximation method, according to its name, it can
also be used for solving interpolation problems, as it will be explained in this chapter.

4.1 The definition of the interpolation function and nota-
tions

The interpolation function is determined by a matrix P of real numbers, whose elements
(z-coordinates) are assigned to nodes of a regular rectangular grid covering the domain
D (see the next figure).

1 points XYZ

nodes of grid

| step of grid in x-direction

— step of grid in y-direction

Figure 4.1: Regular rectangular grid for defining the interpolation function.

The value of the interpolation function at any point (x,,y,) within the grid can be
evaluated from the equation of the bilinear polynomial f(x,y) =alxy+blx+cly+d,

13



which is defined by coordinates of corner points of the grid rectangle containing the
point (x,,y,) -

The following notation is used in the next text:

x1, x2 minimum and maximum of x-coordinates of points XYZ
yl, y2 minimum and maximum of y-coordinates of points XYZ

71,22
il, jl
Pl,_]
DP

VA

D7
NB

K

Kmax
Filter
RS

Dx
Dy
Dmc

A—B

minimum and maximum of z-coordinates of points XYZ

size of the grid = number of columns and rows of the matrix P

elements of the matrix P, i=1,...,il, j=1,.., j1

auxiliary matrix with the same size as the matrix P

vector of z-coordinates of points XYZ

auxiliary vector with the same size as the vector Z

matrix of the nearest points - integer matrix with the same size as the matrix P
containing for each node of the grid the order index of the nearest point XYZ
matrix of distances — integer matrix with the same size as the matrix P contain-
ing for each node of the grid the distance to the nearest point XYZ measured in
units of grid

maximal element of the matrix K

a parameter of the ABOS method used for setting resolution

resolution of map; RS = max{(x2 - x1),(y2 — yl)}/ Filter

the step of the grid in the x-direction; Dx = (x2 —xI)/(il — 1)

the step of the grid in the y-direction; Dy = (y2 = yl)/(j1-1)

the minimal Chebyshev distance between pairs of points XYZ;

Y=Y} s i#j0ij=1..n}

means a copy of the matrix (or vector or number) A into the matrix (or vector or
number) B

b

Dmc = min{max{‘Xi - X,

4.2 Interpolation algorithm
The algorithm of the ABOS method can be briefly described by the following scheme:

1.

A

7.

Filtering points XYZ, specification of the grid, computation of the matrices NB
and K, Z—DZ, 0—DP

Per partes constant interpolation of values DZ into the matrix P

Tensioning and smoothing of the matrix P

P+DP—P

Z,- f(X,.Y)—>DZ

If the maximal difference max{DZ,,i =1,...,n} does not exceed defined preci-
sion, the algorithm is finished

P—DP, continue from step 2 again (= start the next iteration cycle)

In the following paragraphs the particular steps of the algorithm are explained in full

detail.

4.2.1 Filtering of points XYZ

If an interpolation / approximation problem has to be solved, it is necessary to take into
consideration the fact that there may be some points XYZ with a horizontal distance less
than the desired resolution of the resulting surface. That is why the first implemented
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algorithm in the ABOS method is the filtering of points XYZ. Filtering substitutes every
two points (X,,Y.,Z,), (Xj,Yj,Zj), such that

‘Xi—Xj‘<RS C ‘Yi —Yi‘<RS, 4.2.1)

by one point (X, ,Y,,Z,) with average coordinates i.e. X, = (X, +X,)/2,
Y, =, +Y)/2and Z, =(Z,+Z))/2.

The resolution RS is computed as max{(x2 — x1),(y2 — yl)}/ Filter , where Filter is an
optional parameter of the ABOS method. It is similar to the resolution of a digital pic-
ture — if the distance of two points with different colours is smaller than the pixel size of
the digital picture, only one point with “average” colour can be seen.

The formulation of the filtering principle is easy, but computer implementation repre-
sents an efficiency problem, which is discussed in the next paragraphs.

To test the condition (2.2.1) means to compare coordinates of all pairs of points XYZ.
Such a problem is usually solved by nested loops with this pattern:
for (i=1;i<n;i++)

{for (j=i+l;j<=n;j++)

conmpare coordi nates of point i and j

}
}

It means that nl(n—1)/2 comparisons are performed. If n is large, the computational

time may be unacceptable. Taking into consideration the efficiency of today’s com-
puters, n L 50000—-1000001s a critical value from this point of view. For example, fil-
tering 100000 points using this algorithm took 170 seconds on the testing computer.

A significant increase in speed occurs when the points XYZ are sorted according to the
x-coordinates using a very fast standard C-library function gsort (that is why this filter-
ing algorithm is one of the few algorithms written in C language). If the points XYZ are
sorted according to the x coordinate, the above loops can be changed like this:

for (i=1;i<n;i++)
{j=i+1;
while ((j<=n)&.&fabs(X[i]-Xj])<RS))
{

compare y-coordinate of point i and j;
j+
}

}

In other words, if the points XYZ are sorted according to the x-coordinates, there is no
need to compare point i with all points j =i+1,...,n but only with the points j having

‘X =X j‘ less than the resolution. Using this approach the time needed for filtering

100000 points was reduced to 5 seconds.

An example of the filtering effect is displayed in the following figure. The input file
contains 100000 points laying on a spiral and 50000 points forming a rotated square.
These points are displayed in blue while data obtained after filtering are displayed in
black. The Filter parameter was set to 100.
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Fig. 3.4.1a: Filtered data.

It is obvious that filtering preserves the shape of clustered data while isolated points re-
main untouched.

According to performed tests, the above described filtering algorithm is effective for up
to 300000 points — in such case the filtering process takes 25 seconds, which is still an
acceptable time.

4.2.2 Specification of the grid

The size of the regular rectangular grid is set according to the following points:

1. The greater side of the rectangular domain D is selected, i.e. greater number of
x21=(x2-x1) and y21=(y2 - yl). Without loss of generality we can assume
that x21 is greater.

2. The minimal grid size is computed as i0 = round (x21/ Dmc) , where Dmc is the
minimal Chebyshev distance between pairs of points XYZ:

Y=Y} s i#j0ij=1...n)
3. The optimal grid size is computed as il = max{k [i0;k =1,....5 L k [i0 < Filter}
4. The second size of the grid is jl = round (y21/x21[(i1-1)) +1

The presented procedure ensures that the difference between Dx and Dy is minimal i.e.
the regular rectangular grid is close to a square grid.

Dmc = min{max{‘Xi - X,

b

4.2.3 Computation of matrices NB and K

The matrices NB and K are computed using the algorithm based on “circulation” around
the points XYZ, as the following figure indicates:
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Fig. 4.2: Computation of the matrices NB and K.

All elements of the matrices NB and K are initially set to zero and the process of circula-
tion continues as long as there are zero values in the matrix NB. The Euclidean distance
is compared only if the element K;; corresponding to the evaluated node is not zero and

IC/ J2<K i.j» where IC is the ordinal number of the current circulation. By this way,

the number of distance computations is significantly reduced.

The computation of the matrix NB defines a natural division of the domain of the inter-
polation function into polygons (so called Voronoi or Thiessen polygons, see the fol-

lowing figure), inside which interpolation with constant values is performed.

Fig. 4.2.3: Division of the domain of the interpolation function.

4.2.4 Per partes constant interpolation

After computing the nearest points matrix, per partes interpolation (see the figure 4.2.4)

is very simple: P, ; = DZ(NB, ;).

l

17



to the for-
4.2.5)

en
=
o p—
2
o
Q
Q
<
= = 2 = = = = = = 8 = 2
g 28828 < S
g8 8 N 8 8 Ry I I
p=|
m f
Ll bpcs
e
i, A
e (D] iy
Sl 2 (e
TR, PR RO
(e - - Al
2 B
Bl & S
- _:‘.?g..\uﬂ%g“‘%%a hasa h=! X
AT Aﬂ.ﬂﬂﬁ&\fllﬁ-&&%!ﬁ =
\
T ———l 2
,m.:%%% :%ﬁ :‘.\.#‘:xv‘&o:%ﬁﬁ \
e e Ll ecs
R R .
e =) g ~
O —— 1} L, .
A S
e e L e v (@\]
o —————— AR AN = .
i )
P e e S mhhmntradihes <t
A ————— = o
e R ~ °
(1 & R e RS R
VY 2 SR R S e = o~ :
R A AR A :
R Q o0 = o
A AR ) = i T
A aaes — daeiiinesdiaecila e o — :
A B . Iy
R = o = S = o o ! sy
R R SRR Iy = . T A A
D S o = 2 + = s
g — AL, AR BST gty
R | S = - s
B0, | 2 5 I=
A 1 SRR = i i ° Ry
et ] oo LS P O < -~ : LA
e LY b Ayl ) A, R : AT
e ——— et e &) S - A A A A
A e s STy (= A A
R e ————— Sl e <Y} — S AR
LA A A AL, 7] = + ~+ RSy
I o N P S
A e L Q S 1] LY,
i A A — N -~ = Pttty
R A e Y “ o~ e B e A
A R e = 5} b AT
AR R AL AR A T i, ~ AR,
— A ~ (A LA
g—ELd = |5 R 5 o+ 7
U A 2 ] s s
i S o SR
.4...‘.% :.&...“.u“m Foce .. VO < ol || =K “0%&&%%
Em—————t < B S
¥ 1 a N OE A LRGSR
N 0 p— dacy
<t v o= s 3
. A/uo = = Q
.0 . © =2 T <=
&3 N FER B

to the

ttern

1n tensioning.

involved i
in the loop with this pa
18

to the element P;;

, which are
int XYZ
ing

f the surface

P

X
tedly performed

ioning o
nodes involved in tensioning

grid node correspond

the nearest po

Tens

— |

©

10n1ng 1S repea

The following scheme shows the nodes (marked by gray circles) corresponding

elements of the matri

Fig. 4.2.5
Tens



DO N =MAX(4, Kmx/2+2),1,-1
E.I\.IIDDO
If k is greater than decreasing loop variable N, then k = N.

4.2.6 Linear tensioning

Linear tensioning of the surface (see figure 4.2.6) modifies the matrix P according to
the formula for weighted average:

Py = QP oy + Py o) Py oy + Py 2) [ QR +2) (42.6)
Ui=1L..il, j=1..jl; K, ;>0

where (u,v) is the vector from the node i, j to the nearest grid node of the point NB;;
and the weight 0 = LUK, — K,.!j)2 . The constant L =1/((0,107 (K, —0.714) (K. )
is an empirical constant suppressing the influence of K,x.

In the implementation of the ABOS method there are four degrees of linear tensioning
0, 1, 2 and 3. Here presented formulas are valid for the default degree 1; their modifica-
tions for other degrees will be described in chapter dealing with the computer imple-
mentation of the ABOS method.
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Fig. 4.2.6: Linear tensioning of the surface.

The following scheme shows the nodes (marked by gray circles) corresponding to the
elements of the matrix P, which are involved in linear tensioning.

«»——the nearest point XYZ

grid node corresponding to the element P;;

(g/i nodes involved in linear tensioning

Linear tensioning is repeatedly performed in the loop with this pattern:
DO N =MAX(4, Kmx/2+2),1,-1

E.I\.IIDDO
If the length |(u, v)| of the vector (u,Vv) is greater than decreasing loop variable N, then

the vector (u,v) is multiplied by constant ¢ so thatc [Ilu, v)| =N.
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4.2.7 Smoothing

Smoothing (see figure 4.2.7) replaces elements of the matrix P by the value of weighted

average:
i+l j+l

P,=(), D P,+P, Uqld, ~1)/(q;+8), i=1..il, j=1..,1, (4.2.7)
k=i-1 I=j-1

where ¢ is the parameter of the ABOS method controlling smoothness of the interpola-
tion / approximation (its default value is 0.5) and 7, ; are weights, which are zero be-

fore the first smoothing and afterwards they are computed according to the formula

i+2 Jj+2
L= D (P, =B i=1il, j=1,..,
k=i-2 I=j-2

and scaled into the interval <0,700>. In brief, it can be said, the values of 7, ; are higher

at nodes where the surface has a local extreme and lower at nodes where the surface is
decreasing / increasing.

Fig. 4.2.7: Smoothing of the surface.

The following scheme shows the nodes (marked by grey circles) corresponding to the
elements of the matrix P, which are involved in smoothing.

e—— the nearest point XYZ

) + . ——grid node corresponding to the element P;;

xnodes involved in smoothing

Smoothing is repeatedly performed in the loop with this pattern:
DO N =MAX(4, Kuax* Kiax/16),1,-1
ENDDO
As an option the ABOS method enables to perform so called LES smoothing — in this

case the formula (4.2.7) is not applied if the decreasing loop variable N is greater
than K; ; +1. This modification of smoothing suppresses oscillations and exceeding of

local extremes, if they occur (see paragraph 4.4.1 Smoothness of interpolation and os-
cillations).
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4.2.8 Iteration cycle

After smoothing, the matrices P and DP are added element by element and the result is
stored again in the matrix P. Note that in the first iteration step the matrix DP is zero —
that is why the matrix P does not change.

The tensioned and smoothed surface does not pass through the z-coordinates of points
XYZ exactly, so the differences DZ, =Z, — f(X,,Y,), i =1,...,n are calculated.

If the maximal difference max{DZ.,i =1,...,n} is less than the specified accuracy of the
interpolation / approximation multiplied by (z2 —z1)/100, the algorithm of the ABOS
method is finished. In the opposite case the matrix P is copied into the matrix DP and

the algorithm continues from step 2, where a new iteration cycle begins. It differs from
the first cycle only in these points:

- the matrix DP is not zero

- per partes constant interpolation is applied to the difference values DZ; and not to
the original z-coordinates of the points XYZ

- if the maximal difference in the current cycle is not less than the one in the previ-
ous cycle, the problem is considered to be non-converging and the algorithm is fin-
ished.

After each smoothing of the surface, the inaccuracy of the solution can be decreased by
linear transformation of the matrix P:

alP, ; +b— P, where constants a and b minimize the term

D (a¥(X,.Y)+b-DZ)
i=1
In this way, the number of iteration cycles can be reduced by up to 30%.

The accuracy, another parameter of the ABOS method, is specified as a percentage
value from the difference z2 — z1. The default value is 1; if O is specified and the itera-
tion process ends with zero maximal difference, then interpolation is achieved.

4.3 Flexibility of the ABOS method

Most of interpolation methods offer some possibility, how to modify constructed sur-
face. For example, the Radial basis function method enables to vary smoothness of sur-
face using smoothing parameter, the Kriging method may use different variogram mod-
els with different parameters and the Minimum curvature method uses tension parame-
ter.

The ABOS method can modify the created surface namely through the use of smooth-
ness parameter g (see paragraph 4.2.7 Smoothing) and an approximation can be
achieved by setting of an appropriate accuracy parameter. Moreover, the number of
smoothing cycles suggested by implementation of the ABOS method SURGEF can be
increased so that suitable trend surface is obtained. The cross-section through seven sur-
faces in the next figure illustrates possible modifications of the surface shape generated
by the ABOS method.
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Fig. 4.3: Flexibility of the ABOS method interpolation / approximation.

The graphical user interface SurGe offers a tool for setting of suitable parameters de-
pending on desired interpolation / approximation type.

The usage of a trend surface is demonstrated in paragraph 4.4.3 Conservation of
extrapolation trend.

4.4 Comparison with other interpolation methods

In this section the ABOS method is compared with three methods, which are considered
to be the most significant:

- the Minimum curvature method with the tension 0.1

- the Kriging method using the linear model and zero nugget effect

- the Radial basis functions method using the multiquadric basis functions and
zero smoothing parameter.

Although the Radial basis functions method was included, its graphical results are not
presented because it provides almost the same result as the Kriging method (no differ-
ences can be seen in the graphical representation of results).

Interpolations using Minimum curvature were performed using the program SURFACE,
which is a part of the GMT system (see [S1]), while Kriging was performed using
Surfer software (see [S2]).

To compare interpolation methods, we will use three data sets OSCIL, SHAPE and
SIBIR [XIX]. Characteristics of these examples are summarized in the following table:

Data set | Number | Domain range Grid size | Grid step Figure
Of points x Y X Y

OSCIL 17 0-1 0-1| 257x257 | 3.90625e-3 | 3.90625e-3| 4.4.1a

SHAPE 30/ 0-1000] 0-640| 101x65 10 10| 4.4.2a

SIBIR 13504 | 0-73600 | 0-51200| 737x513 100 100| 4.4.3a

The first example (see figure 4.4.1a) OSCIL is intended for examining of oscillation
phenomena, which may occur especially if a smooth interpolation is used. The example
SHAPE was designed for comparison of surface shape. Figure 4.4.2a shows the distri-
bution of points XYZ and contains the horizontal projection of two cross-sections A-A’
and B-B’ used for detailed illustration of the surface shape. The third example (see fig-
ure 4.4.3a) is used for the comparison of trend conservation. The cross-section A-A’
was designed for demonstrating extrapolation properties of the tested methods i.e. for
evaluating how the tested methods conserve trend in areas where points are missing.
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4.4.1 Smoothness of interpolation and oscillations

Depending on the configuration of the points XYZ a smooth interpolation may cause
unwanted oscillations in the generated surface, which is a common problem of most
smooth interpolation methods. In this paragraph we will examine oscillations on spe-
cially designed example (see figure 4.4.1a) containing 13 points distributed along both
diagonals of the square. All points have z-coordinate equal to zero except the point in
the centre of the square, where the z-coordinate is one. We can expect that there will be
oscillations between points having zero z-coordinates — that is why we will focus our
attention to the cross-section going through points L09, LOS5 and LO1.
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Fig. 4.4.1a: Distribution of points in the example OSCIL.

Firstly let us compare surfaces generated by the Minimum curvature, Kriging and
ABOS method. It is obvious (see the next figure 4.4.1b) that the Minimum curvature
method with the tensioning 0.1 and the Kriging method with the linear model and zero
nugget effect produce very similar surfaces. The ABOS method with the smoothing pa-
rameter 9.0 produce similar surface only along diagonals as indicates figure 4.4.1b and
4.4.1c, but otherwise there are apparent differences in the shape of undesirable “circu-
lar” contours (for example between points LO5 and L06).

Fig. 4.4.1b: Surface generated by the Minimum curvature, Kriging and ABOS method.

In all three cases tested interpolation methods create a sharp local extreme at the point
L13 as follows from the figure 4.4.1c.

23



Height [m]
#1878

i
I
1.8
0.8
8.6

8.4

8.2

-
o
i

—LET

a.00 .10 8.20 38 B.40 8.50 B.68 p.7g*18°0

Hinimum curvature Kriging Length [m]

Fig. 4.4.1c: Cross-section through points L.13, L.09, LOS5 and LO1.
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Let’s now examine details in the cross-section going through points L.09, LO5 and LO1
where the oscillations were expected. As for size of oscillation between points L09 and
LO05, the Kriging method provides the best result while the Minimum curvature method
provides the worst result. As for oscillation between points LO5 and LO1, both named
methods still produce oscillations but in the opposite order — the oscillation size pro-
duced by the Minimum curvature method is slightly smaller than in the case of Kriging
method.

The ABOS method produce worse result than the Kriging and better result than Mini-
mum curvature method between points L0O9 and LOS5, but oscillations between points
LO5 and LO1 are negligible. Moreover, if the LES smoothing is used during the interpo-
lation process (see the paragraph 4.2.7 Smoothing), the suppression of oscillations and
improper extremes is very effective.
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Fig. 4.4.1d: Cross-section through points L09, LO5 and LOI.

In any case, smooth interpolation may produce unwanted oscillations and improper ex-
tremes, which for example means that there are areas containing negative values in the
solution of the interpolation problem, while only positive or zero values are possible.
This situation is simply solved in the graphical user interface — there is a possibility to
replace the grid node values below the specified constant (zero in our case) by this con-
stant
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4.4.2 Shape of generated surface

One of the first aspects evaluated by the user of interpolating technique is the shape of
the created surface — the surface should be smooth, local extremes should be located at
point positions, there should not be unsubstantiated bends on contour lines and so on.

For evaluation of these properties we will use data showed on figure 4.4.2a.

| 27

245,37 k22 fPhs

258,38 }12 AE. 52
281,53
ze S24.65
280,31 .
LaE
LEs 288 )52
288, 67
a7
217.89
14
P54, B5
Lza
230,98
L23
289,05 283. 45
L&z
203735 Lza
289,65 k22
B Lat 13 263,85
197, 24 A9, 356 A . 35
L11
it
Bl*a. 72 g

Fig. 4.4.2a: Distribution of points in the example SHAPE.

The next three figures show contours of surfaces created by the Minimum curvature
method, Kriging and the ABOS method.
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Fig. 4.4.2b: Interpolation of the SHAPE data set using the Minimum curvature method.
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The resulting function f(x,y) can be considered as interpolative in all three cases — the
,i =1,...,30} does not exceed 0,002.

maximal difference max{| f(X,.,Y)-Z,

It is apparent that contours generated by the ABOS method are not so curved in the sur-
rounding of some points (L18, L25, L26, L12, L13, L06, L23, L22) as in the case of the
Kriging or Minimum curvature method.

Cross-sections provide another interesting comparison:
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Fig. 4.4.2e: Cross-section A-A’ through points L.13, L14, L19 and L09.
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Fig. 4.4.2f: Cross-section B-B’ through points L.26, L.25, L.18, L10, L24, L15, L16, L17
and LO2.

The cross-section A-A’ (see figure 4.4.2¢e) shows that there is not significant difference
between compared methods especially between the ABOS and Kriging method. An-
other situation is apparent in the case of cross-section B-B’ leading through the “valley”
(see figure 4.4.2f). The Minimum curvature method and Kriging produce “hills” be-
tween points although there is no reason for them.
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4.4.3 Conservation of an extrapolation trend

The goal of the third example with the SIBIR data set (see the next figure) is to demon-
strate the ability of tested methods to conserve trend in the regions without points.
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Fig. 4.4.3a: Distribution of points in the example SIBIR.

Again, the next three figures enable to compare the surface generated by the Minimum
curvature, Kriging and ABOS methods. In the case of the ABOS method the interpola-
tion with trend function was applied, which is the procedure implemented in the graphi-
cal user interface SurGe.

Fig. 4.4.3b: Interpolation of the SIBIR data set using the Minimum curvature method.
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Fig. 4.4.3c: Interpolation of the SIBIR data set using the Kriging method.

Fig. 4.4.3d: Interpolation of the SIBIR data set using the ABOS method.

All three methods generate apparently almost the same surface in the area densely cov-
ered by points XYZ, but at peripheral parts there are differences.
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The surface created by the Minimum curvature method is smooth but it tends to be flat
at the peripheral parts without points and even increases (see the upper right corner of
the map in figure 4.4.3b) while it should decrease.

The Kriging method produces apparent “jumps” (discontinuities) at peripheral areas as
expected due to the selection of points (max. 64) falling into the specified circle sur-
rounding with a radius of 44600 units. The radius and maximal number of selected
points was set by the used software — if one or both of these parameters were smaller,
the jumps would be even higher. Without respect to the discontinuities, the ability of the
Kriging method to conserve the extrapolation trend is better than in the case of the
Minimum curvature method.

The surface created by the ABOS method does not have the deficiencies observed in the
previous two cases and the cross-section A-A’ confirms that the conservation of ex-
trapolation trend is the best (see the next figure).
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Fig. 4.4.2e: Cross-section A-A’.

#1074

4.4.4 Speed of interpolation

It has no sense to compare the speed of interpolation methods for small problems i.e. if
the number of points is up to a few thousand, because all tested methods finish within a
few seconds. However, if the number of points is greater, the computational speed be-
comes an important issue.

In the following list there are computational times consumed during solving interpola-
tion with the SIBIR data set mentioned in the previous paragraph.

The Triangulation with linear interpolation ... 5 seconds
The Natural neighbour method ... 16 seconds
The Inverse distance method ... 350 seconds
The Radial basis functions method ... 515 seconds
The Minimum curvature method ... 11 seconds
The Kriging method ... 530 seconds
The ABOS method ... 18 seconds

The time was, of course, measured on the same computer with the CPU Intel Pentium
M 1.6GHz and memory 512 MB RAM.
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The time consumed by the Kriging method and the Radial basis functions method may
seem to be curious, but with respect to the selected grid consisting of 737x513 nodes
and the maximal number of selected points 64, the system of up to 64 linear equations
had to be solved 378081 times.

4.5. Summary

The presented examples show that the ABOS method provides results comparable with
highly sophisticated interpolation / approximation methods such as Minimum curvature,
Kriging or Radial basis functions even if its mathematical basis is very poor. Moreover,
ABOS is able to solve large problems without necessity to search points in specified
surrounding of grid nodes and to solve systems of equations. As for computational
speed, ABOS is about 20 times faster than Kriging or Radial basis function method.

5. Conclusion

The most important result of this work is the design and especially the computer im-
plementation of the new interpolation / approximation method ABOS for digital genera-
tion of surface passing through Z coordinates of points irregularly distributed in 3D
Euclidean space. In contrast to sophisticated interpolation methods such as Radial basis
functions, Kriging or Minimum curvature, the ABOS method does not fulfil any
mathematical formulation such as linear combination of basis functions, statistical for-
mulation of the best linear unbiased estimate or requirement of minimal curvature of the
resulting surface. Instead, it provides tools for modelling the resulting surface based on
numerical tensioning and smoothing enabling to create a broad range of surface shapes
and to accommodate the resulting surface according to the user’s conception. Moreover,
the ABOS method makes it possible to solve large problems without the necessity to
search points in a specified surrounding of the grid nodes and without the necessity to
solve a system of equations. As for computational speed, ABOS is up to twenty times
faster than methods based on solving equation systems, for example the Kriging
method.

After more than three-years of publication through the medium of Internet WWW pages
(see [13]) and through the medium of more than 300 software distributors (see List of
selected SurGe distributors in References), the ABOS method and SurGe software has
proven wide applicability. Now thousands of people worldwide use the software not
only in traditional fields as reservoir engineering, geology and geophysics, but also in
hydrology, geodesy, archeology, bathymetry, gravimetry, genetics, neurology, electron-
ics, aerodynamics or nuclear physics; some people use SURGEF.EXE as an interpola-
tion engine in their own mapping software (see [ XXVI]).

The first part of References contains references to some of the more than 1800 people
who contacted me during the last three years to discuss or solve interpolation problems,
to suggest improvements to SurGe or to explain inexplicit descriptions in the SurGe
documentation.
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]
]
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]
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http://superdownloads.uol.com.br/download/99/surge/
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http://www.programurl.com/surge.htm
http://www.sharewareconnection.com/surge.htm
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http://www.wowload.com/loadnow-SurGe-259.html

http://ua.t.u-tokyo.ac.jp/okabelab/freesat/LINKS/RESULT LINKS/surface_SurGe.htm
http://www.nr.no/pages/sand/wwwlinks

http://surfit.sourceforge.net/links.html
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http://www.ruraltech.org/gis/map_info/gis_links/
http://www.telefonica.net/web2/petiandres/petibati.htm
http://typhoon.mines.edu/zipfiles/
http://www.geotests.net/mambo/index.php?option=com_content&task=view&id=20&It
emid=2
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Anotace

Predkladana disertacni prace se zabyva metodami pro interpolaci bodu v tfirozmérném
euklidovském prostoru pomoci spojité funkce dvou nezavisle proménnych. V prvni ¢és-
ti jsou popsdny matematické zdklady nejCastéji pouzivanych metod zpravidla zalo-
Zenych na exaktnich matematickych formulacich jako je linearni kombinace bdzovych
funkci, statistickd formulace nejlepsiho nestranného linedrniho odhadu ¢i poZadavek
minimélni kfivosti vysledné funkce. U kazdé metody jsou zhodnoceny jeji prednosti,
nedostatky a omezeni a ddle jsou uvedeny discipliny, ve kterych se metoda vyuziva.

Cilem druhé casti prace je navrhnout a implementovat novou interpolacni metodu
ABOS (Approximation Based On Smoothing), kterd by eliminovala omezeni existuji-
cich metod, byla dostatecné robustni a natolik flexibilni, aby umoZnila snadno realizo-
vat predstavy ¢lovéka interpretujictho néjaké méreni — af uz je to komplex geologic-
kych a seismickych méfeni, rozlozeni teploty, vySka snéhové vrstvy, koncentrace latek
ve zvodni nebo digitalni model terénu.

Novéd metoda neni zaloZena na matematické definici vlastnosti vysledné interpolacni
funkce. Misto toho poskytuje ndstroje pro modelovani tvaru plochy (tfi typy vdZenych
prumérti umoziujicich ,,napinat” a ,,vyhlazovat™ plochu mezi interpolovanymi body),
jejichz vhodnou kombinaci spolu s nastavenim piesnosti 1ze dosdhnout jak hladké inter-
polace nebo aproximace, tak i interpolace s ostrymi lokalnimi extrémy.

Motivaci pro vyvoj nové metody nebyla pouze eliminace omezeni existujicich metod a
dostatecnd flexibilita, ale i rychlost interpolace pfi feSeni velkych interpolacnich tloh,
kdy pocet bodti dosahuje desitek az stovek tisicii — metoda ABOS je v takovych piipa-
dech aZz dvacetkrat rychlejsi nez metoda Kriging, kterd dala vzniknout v padesatych 1é-
tech minulého stoleti novému védnimu oboru geostatistice.

Pocitacova implementace metody ABOS se skladéd ze dvou zédkladnich programii. Prvni,
napsand v jazyce FORTRAN 77, realizuje vlastni interpolacni algoritmus a druhd, na-
psand v jazyce C, poskytuje grafické uZivatelské rozhrani pro zobrazeni a snadnou ma-
nipulaci jak se vstupnimi daty, tak i s vyslednymi plochami.

Prakticky byla metoda ABOS vyuZita k vytvoreni geologickych modeli zasobniku ply-
nu v ¢eské republice (Dolni Dunajovice, Stramberk, Lobodice, 9.-11. sarmatsky obzor
zésobniku Tvrdonice), které pak byly aplikovany v tfirozmérném dvoufdzovém mate-
matickém modelu proudéni tekutin v poréznim prostfedi ECLIPSE. Déle byla metoda
pouzita ke konstrukci modelti zvodnélych geologickych struktur pfi feSeni sanac¢nich
projekti v lokalitich CHZ Sokolov, Strdz pod Ralskem a Licoméfice.

Dnes, po vice jak ttileté prezentaci metody ABOS a grafického uzivatelského rozhrani
SurGe prostfednictvim stranek WWW, je metoda vyuZzivana tisici uZivateli po celém
svété v nejriznéjSich oblastech — kromé tradi¢niho vyuziti v loZiskovém inZenyrstvi,
geologii a geofyzice je to rovnéz hydrologie, geodesie, archeologie, batymetrie, gravi-
metrie, genetika, neurologie, aerodynamika ¢i jaderna fyzika.
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