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https://en.wikipedia.org/wiki/Overdetermined_system


 

 



 

 

𝑈0

𝑈𝑟

 ℎ

ℎ ≈ |𝑈𝑜 + 𝑈𝑟|2 = |𝑈𝑜|2 + |𝑈𝑟|2 + 𝑈𝑜𝑈𝑟
∗ + 𝑈𝑜

∗𝑈𝑟  

ℎ

𝑈𝑜 ℎ

𝑈𝑟  

𝑧 = 0

𝑈 = ℎ𝑈𝑟 ≈ 𝑈𝑟(𝐼𝑟 + 𝐼0) + 𝐼𝑟𝑈0 + 𝑈𝑟
2𝑈0

∗.  

𝐼𝑟𝑈0  𝐼𝑟

𝐼𝑟 𝑈𝑟
2𝑈0

∗

 𝑈𝑟
2 𝑈𝑟(𝐼𝑟 +

𝐼0) 

𝐼𝑟 𝐼0



Λ

𝛬 > 2∆𝜉,  

 ∆𝜉 𝜃  𝑠𝑖𝑛𝜃 ≈ 𝜃

 

𝜃𝑚𝑎𝑥

𝜃𝑚𝑎𝑥 ≈
𝜆

2∆𝜉
.  

 

𝑈𝑟∗

𝜉, 𝜂

 𝑑 𝑥, 𝑦

𝑈 (𝑥, 𝑦)



𝑈(𝑥, 𝑦) =
1

𝑗𝜆
∬ ℎ(𝜉, 𝜂)𝑈𝑟∗(𝜉, 𝜂)

𝑒𝑥𝑝(𝑗𝑘𝑟)

𝑟
𝑑𝜉𝑑𝜂,  

𝑟 = √𝑑2 + (𝜉 − 𝑥)2 + (𝜂 − 𝑦)2 = 𝑑√1 +
(𝜉−𝑥)2+(𝜂−𝑦)2

𝑑2 .

𝑟

𝑈(𝑛𝛥𝑥, 𝑚𝛥𝑦) =
𝑗

𝑑𝜆
𝑒𝑥𝑝 (−

𝑗𝜋

𝜆𝑑
[(𝑛𝛥𝑥)2 + (𝑚𝛥𝑦)2])

× ∑ ∑ ℎ(𝑘𝛥𝜉, 𝑙𝛥𝜂)

𝑀

𝑚=1

𝑁

𝑛=1

𝑈𝑟∗(𝑘𝛥𝜉, 𝑙𝛥𝜂) ×

× 𝑒𝑥𝑝 (−
𝑗𝜋

𝜆𝑑
[(𝑘𝛥𝜉)2 + (𝑙𝛥𝜂)2]) ×

× 𝑒𝑥𝑝 (−𝑗2𝜋 (
𝑘𝑛

𝑁
+

𝑙𝑚

𝑀
)) 𝑑𝜉𝑑𝜂,

 

𝛥𝑥, 𝛥𝑦 𝑁∆𝜉 × 𝑀∆𝜂 𝑑

𝜆

∆𝑥 =
𝜆𝑑

𝑁∆𝜉
    𝑎𝑛𝑑    ∆𝑦 =

𝜆𝑑

𝑀∆𝜂
.  

 

 

𝑑 = 0.6 𝑚

𝑁 = 𝑀 = 2048 𝑝𝑖𝑥 ∆𝜉 = ∆𝜂 = 3.45 𝜇𝑚

𝜆 = 532𝑛𝑚 



𝑁∆𝑥 =
𝜆𝑑

∆𝜉
= 92.5 𝑚𝑚

 

 

𝜔

𝒅(𝑅, 𝑡) = 𝒅(𝑅) 𝑠𝑖𝑛(𝜔𝑡 + 𝜓0(𝑅)).  

𝛺 𝒅

𝒆1

𝛺(𝑅) = 𝒅(𝑅)𝒆(𝑅).  

𝑈𝑜

𝑈0(𝑅)
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e(p) = 4π λ⁄  



𝑈𝑂(𝑅, 𝑡) = 𝑈0(𝑅)𝑒𝑥𝑝 (𝑗𝛺(𝑅) 𝑠𝑖𝑛[𝜔𝑡 + 𝜓0(𝑅)]),  

ℎ ≈ |𝑈𝑜 + 𝑈𝑟|2

𝑇

ℎ(𝜉, 𝜂, 0) = ∫ ℎ(𝜉, 𝜂, 0, 𝑡)
𝑇

0

𝑑𝑡,  

𝑈𝑟𝑒𝑎𝑙(𝑅, 𝑡) ≈ ∫ 𝑈0(𝑅)𝑒𝑥𝑝(𝑗𝛺(𝑅) 𝑠𝑖𝑛[𝜔𝑡 + 𝜓0(𝑅)])
𝑇

0

𝑑𝑡.  

∑ 𝐽𝑛(𝐴) 𝑒𝑥𝑝(𝑗𝑛𝐵)

∞

𝑛=0

= 𝑒𝑥𝑝(𝑗𝐴 𝑠𝑖𝑛(𝐵)),  

𝐽𝑛

𝑈𝑟𝑒𝑎𝑙(𝑅, 𝑡) ≈ ∫ ∑ 𝑈0(𝑅)𝐽𝑛(𝛺(𝑅)) 𝑒𝑥𝑝(𝑗𝑛[𝜔𝑡 + 𝜓0(𝑅)])

∞

𝑛=0

𝑇

0

𝑑𝑡 =

= ∑ 𝑈0(𝑅)𝐽𝑛(𝛺(𝑅)) ∫ 𝑒𝑥𝑝(𝑗𝑛[𝜔𝑡 + 𝜓0(𝑅)]) 𝑑𝑡

𝑇

0

∞

𝑛=0

.

 

 

 

𝑇 ≫ 2𝜋/𝜔
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 𝑇 ≈ 1 𝑠

2𝜋

𝜔
≈ 0.01 𝑠   



𝑈𝑅𝑒𝑎𝑙(𝑅) = 𝑙𝑖𝑚
𝑇→∞

∑ 𝑈0(𝑅)𝐽𝑛(𝛺(𝑅)) ∫ 𝑒𝑥𝑝(𝑗𝑛 [𝜔𝑡 + 𝜓0(𝑅)]) 𝑑𝑡

𝑇

0

∞

𝑛=0

= 𝑈0(𝑅)𝐽0(𝛺(𝑅)).

 

𝐼(𝑅) = |𝑈(𝑅)|2 = 𝐼0(𝑅)𝐽0
2(𝛺(𝑅)),  

𝐼0

 

 

𝛺 → 0

𝑙𝑖𝑚
𝛺→0

𝑑𝐽0

𝑑𝛺
= 0.  



 5 𝜇𝑚

 

 

 

𝑓1 ≈ 𝑓0 + 𝑓𝑚𝑜𝑑 .  

𝑓𝑚𝑜𝑑

𝜙 𝐴



𝑈+1(𝑦, 𝑡) =
𝜋𝑑𝐶

𝜆
𝑈𝑖𝑛𝐴(𝑡 − 𝜏)𝑒𝑥𝑝(−𝑗𝜙(𝑡 − 𝜏)) ×

× 𝑒𝑥𝑝 (𝑗
2𝜋𝑦

𝛬
) 𝑒𝑥𝑝(𝑗2𝜋𝑓𝑚𝑜𝑑(𝑡 − 𝑡0)),

 

𝑈𝑖𝑛 𝐶

𝜏 = 𝑡0 − 𝑦 𝑣⁄  

𝑈𝑜  𝑈𝑟 

𝑈𝐵𝐶𝑜 , 𝑈𝐵𝐶𝑟

ℎ ≈ |𝑈𝑜𝑈𝐵𝐶𝑜 + 𝑈𝑟𝑈𝐵𝐶𝑟|2 =
= |𝑈𝑜𝑈𝐵𝐶𝑜|2 + |𝑈𝑟𝑈𝐵𝐶𝑟|2 + 𝑈𝑜𝑈𝐵𝐶𝑜𝑈𝑟

∗𝑈𝐵𝐶𝑟
∗ + 𝑈𝑜

∗𝑈𝐵𝐶𝑜
∗𝑈𝑟𝑈𝐵𝐶𝑟.

 

𝐴, 𝜙, 𝑓𝑚𝑜𝑑

 

 

 

𝐼𝑟𝑈0

𝜗

𝑈𝑟 = 𝑒𝑥𝑝(−𝑗𝑘𝑥 𝑠𝑖𝑛(𝜗)) 

𝜗 = 0



𝒰𝓇 , 𝒰ℴ , ℋ 𝑈𝑟 , 𝑈𝑜

ℎ

ℋ ≈ 𝛿 ⋆ 𝛿 + 𝒰ℴ ⋆ 𝒰ℴ + 𝒰ℴ ∗ 𝛿 + 𝛿 ∗ 𝒰ℴ
∗ = 𝛿 + 𝒰ℴ ⋆ 𝒰ℴ + 𝒰ℴ + 𝒰ℴ

∗  

∗,⋆

 

 

𝑓𝑐

𝜗

𝜗

𝒰ℴ  〈−𝑓𝑚𝑎𝑥,𝑓𝑚𝑎𝑥〉

𝑓𝑐 = 0



ℎ ≈ 𝑎 + 𝑏 𝑐𝑜𝑠(𝜑𝑜),  

𝑎 = |𝑈𝑟|2 + |𝑈𝑜|2

𝑏 = 2|𝑈𝑟||𝑈𝑜|

𝑈0 = |𝑈𝑜|exp (−𝑗𝜑𝑜)

|𝑈𝑜| = √𝐼𝑜

|𝑈𝑜| 

𝜑𝑜

∆𝜑

𝑁

ℎ𝑖 ≈ 𝑎 + 𝑏 𝑐𝑜𝑠(𝜑𝑜 + ∆𝜑𝑖),  

𝑖 𝑖 = 1,2,3, … 𝑁 𝜑𝑜

𝑓𝑅−𝑚𝑜𝑑 𝑓𝑂−𝑚𝑜𝑑

𝜔𝑟 = 2𝜋(𝑓0 + 𝑓𝑅−𝑚𝑜𝑑) 𝜔𝑂 = 2𝜋(𝑓0 + 𝑓𝑂−𝑚𝑜𝑑) 𝑓0

𝜔𝑅 ≠ 𝜔𝑂

ℎ ≈ 𝑎 + 𝑏 𝑐𝑜𝑠(𝜑𝑜 + (𝜔𝑂 − 𝜔𝑅)𝑡).  

𝜔𝐵 = 2(𝜔𝑂 − 𝜔𝑅) = 2∆𝜔

∆𝜑𝑖

𝐹𝑃𝑆 ∆𝜑

∆𝜑(∆𝜔) = 𝜑(𝑡) − 𝜑 (𝑡 +
1

𝐹𝑃𝑆
) = (𝜔𝑂 − 𝜔𝑅)

1

𝐹𝑃𝑆
=

∆𝜔

𝐹𝑃𝑆
.  

∆𝜑

∆𝜑 = 𝜋/2



ℎ

𝑈0

 

 

 

𝜂 𝑁𝒰ℴ

𝜂 = ∑ |𝒰ℴ(𝑓𝑏)|2
𝑓𝑏

𝑁𝒰ℴ
⁄
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𝜂

 



 

 

 



𝑓0 + 𝑓𝑅−𝑚𝑜𝑑

𝑈𝐵𝐶𝑟 = 𝑒𝑥𝑝(𝑗2𝜋(𝑓0 + 𝑓𝑅−𝑚𝑜𝑑)𝑡) = 𝑒𝑥𝑝 (𝑗(𝜔0 +

𝜔𝑅−𝑚𝑜𝑑)𝑡)

𝜔𝑅−𝑚𝑜𝑑 = 𝑚𝜔 𝜔

|𝑈(𝑅)| ≈ |𝐽𝑚(𝛺(𝑅))|.  

 
 



|𝑈| ≈ |𝐽0(0)|

|𝑈| ≈ |𝐽1(0)|

lim
𝛺→0

𝑑𝐽1

𝑑𝛺
= 0.5  

 

 

𝛺 =
4𝜋

𝜆
𝑑𝑧

𝛺 < 0.5

𝐽1(𝛺) ≈
1

2
𝛺



|𝑈𝐽1|~0.001

𝑑𝑧 = 2
𝜆

4𝜋
|𝑈𝐽1|,  

𝑑𝑧~0.085 𝑛𝑚

𝑑𝑧~
𝜆

6000

𝑑𝑧~0.42 𝑛𝑚

 

 

 

 



 

𝑓𝑟 = 𝑓0 + 𝑚𝑓 = 40𝑀𝐻𝑧 + 50 ∗ 100𝐻𝑧

|𝑈𝐽50|

|𝑈𝐽50|

|𝑈𝐽0|  |𝑈𝐽50| |𝑈𝐽150|

 

𝑓0
4

|𝑈𝑟𝑒𝑎𝑙| ≈ |𝐽0(𝛺 − 𝜙𝐵𝐶)|.  

𝛺 = 𝜙𝐵𝐶 𝜙𝐵𝐶

|𝐽0(𝛺 − 𝜙𝐵𝐶)|

〈0, 𝜋〉

                                                           

𝑓0 = 40 𝑀𝐻𝑧



 

 

𝛺 𝛺∗

𝜙𝐵𝐶

|𝑈𝑖| = 𝑎 + 𝑏|𝐽0(𝛺 − 𝜙𝐵𝐶𝑖)|~𝑎 + 𝑏|𝑐𝑜𝑠(𝛺∗ − 𝜙𝐵𝐶𝑖)|,  

𝑎 𝑏

𝜙𝐵𝐶𝑖 = 𝜋/4

𝑎, 𝑏, 𝛺

𝛺∗

𝛺∗ = 𝑎𝑡𝑎𝑛 (
|𝑈4| − |𝑈2|

|𝑈1| − |𝑈3|
).  

𝛺∗ 〈−𝜋, 𝜋〉6

2𝜋

                                                           
〈−𝜋/2, 𝜋/2〉



𝛺∗ 

𝛺 ∆= 𝛺 − 𝛺∗

|𝑐𝑜𝑠 𝑥| |𝐽0(𝑥)|

 𝛺 = 𝛺∗ + ∆

Ω∗ Ω

 
〈−𝝅, 𝝅〉

𝑑𝑧(𝑅)̅̅ ̅̅ ̅̅ ̅̅ =
1

𝑁
∑ 𝑑𝑧 𝑛(𝑅)𝑁

𝑛=1

𝜎(𝑅) = √
1

𝑁
∑ (𝑑𝑧 𝑛(𝑅) − 𝑑𝑧(𝑅)̅̅ ̅̅ ̅̅ ̅̅ )

2𝑁
𝑛=1

 

𝜎(𝑅) = Α + Β 𝑑𝑧(𝑅)̅̅ ̅̅ ̅̅ ̅̅ 7

𝜎(𝑅) = 0.05 + 0.01 𝑑𝑧(𝑅)̅̅ ̅̅ ̅̅ ̅̅  [𝑛𝑚],  

                                                           

σ



100𝜎

 𝑑𝑧̅̅ ̅̅  
=

5

 𝑑𝑧̅̅ ̅̅
+ 1 [%]

 𝑑𝑧
̅̅ ̅̅ = 300 𝑛𝑚 𝜎 = 3. 05 𝑛𝑚 ~ 1.17 %

𝜎

3𝜎 3𝜎 = 9.2 𝑛𝑚 ~ 3.5 %  𝑑𝑧
̅̅ ̅̅ = 300 𝑛𝑚

 

 

 

 

 

𝑈𝐵𝐶𝑟 = 𝑒𝑥𝑝(−𝑗𝜙)𝑒𝑥𝑝(𝑗2𝜋𝑓𝑅−𝑚𝑜𝑑))  



𝑈𝐵𝐶𝑜 = 𝑒𝑥𝑝(𝑗2𝜋𝑓𝑅−𝑚𝑜𝑑))  

𝜔

𝜙𝐵𝐶 : 𝜙 = 𝜙𝐵𝐶sin (𝜔𝑡)

𝑚 𝑓

 𝐹𝑃𝑆 𝜋/2

𝑓𝑅−𝑚𝑜𝑑 = 𝑓0 + 𝑚𝑓 + 𝐹𝑃𝑆 4⁄

|𝑈𝑟𝑒𝑎𝑙| ≈ |𝑈0||𝐽𝑛(𝛺 − 𝜙𝐵𝐶)|  

200 𝜇𝑉

200 𝑉

0.1 𝑛𝑚

100000

 

                                                           
8
 𝐹𝑃𝑆 𝑀⁄ 𝑀

 



𝐴

𝐵

|𝑈𝐽𝑛| = 𝐴 + 𝐵 |𝐽𝑛 (
4𝜋

𝜆
𝑑𝑧 − 𝜙𝐵𝐶)|.  

𝐴

𝑑𝑑𝑧 =
𝜆

4𝜋
√[(𝑠𝑖𝑛2�̇�∗𝑑𝑐𝑣)

2
+ (𝑠𝑖𝑛2�̇�∗

𝜀

4
𝑑𝜀)

2

+ (
𝜕∆(𝛺∗)

𝜕𝛺∗ 𝑑𝛺∗)
2

]  

𝑑𝑑𝑧 𝑑𝑧 =
𝜆

4𝜋
[𝛺∗ + ∆(𝛺∗) ] ∆(𝛺∗)

𝑐𝑣 =
|σ(�̃�)|

�̃�𝐴𝑉𝐸
�̃�

𝜀

 



𝑢𝜀 =
𝜆 𝜎2(𝜀)

32𝜋
𝑠𝑖𝑛 (

8𝜋

𝜆
𝑑𝑧)  

B̃

𝑢�̃� =
𝜆𝜎(�̃�)

4𝜋
𝑠𝑖𝑛 (

8𝜋

𝜆
𝑑𝑧).  

𝑢∆ =
𝜕∆(𝑑𝑧)

𝜕𝑑𝑧
𝑑𝑑𝑧 .  

𝑢𝐴 = 0.05 + 0.01 𝑑𝑧 .  

𝑢𝑐 = √𝑢𝜀
2 + 𝑢�̃�

2 + 𝑢∆
2 + 𝑢𝐴

2  

𝑘 = 2  𝑑𝑧 

 𝑑𝑧 = 10 𝑛𝑚  𝑑𝑧 = 100 𝑛𝑚  𝑑𝑧 = 1000 𝑛𝑚

𝑢𝑐 [𝑛𝑚] 0.4 1.3 10.1
 𝑑𝑧 ± 𝑈 (𝑘 = 2) (10.0 ± 0.8)𝑛𝑚 (100.0 ± 2.6)𝑛𝑚 (1000.0 ± 20.2)𝑛𝑚

 

 



 

 
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ω



 



 



 

 

 

 

 

 

 

 

 



 

 










